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DEPTH FUNCTIONS OF POWERS OF HOMOGENEOUS IDEALS
HUY TA`I HA`, HOP DANG NGUYEN, NGO VIET TRUNG, AND TRAN NAM TRUNG
Abstract. We settle a conjecture of Herzog and Hibi, which states that the
function depthS/Qn, n ≥ 1, where Q is a homogeneous ideal in a polynomial
ring S, can be any convergent numerical function. We also give a positive answer
to a long-standing open question of Ratliff on the associated primes of powers of
ideals.
1. Introduction
Let S be a standard graded algebra over a field k. For a homogeneous ideal
Q ⊆ S, we call the function depthS/Qn, n ≥ 1 the depth function of Q. The goal
of this paper is to prove the following conjecture of Herzog and Hibi in [9] (see also
[8, Problem 3.10]).
Conjecture 1.1 (Herzog-Hibi). Let f : N→ Z≥0 be any function such that f(n) =
f(n + 1) for all n ≫ 0. Then there exists a homogeneous ideal Q in a polynomial
ring S such that f is the depth function of Q.
For simplicity we call a function f : N→ Z≥0 a numerical function and say that
f is convergent if f(n) = f(n+ 1) for all n≫ 0. By a classical result of Brodmann
[2], the depth function of a homogeneous ideal is always convergent. Conjecture
1.1 simply says that this is the only constraint for numerical functions to be depth
functions of homogeneous ideals. This conjecture is remarkable since the depth
function tends to be non-increasing in known examples.
Before this work, Conjecture 1.1 has been verified only for non-decreasing func-
tions [9] and for some special classes of non-increasing functions [7, 9, 12]. Note that
the proof of Conjecture 1.1 for non-increasing functions in [7] has a gap. Examples
of non-monotone depth functions were hard to find [1, 6, 9, 13]. However, Bandari,
Herzog and Hibi [1] showed that the depth function can have any given number of
local maxima.
Our main result, Theorem 4.1, settles Conjecture 1.1 in its full generality. Fur-
thermore, we shall show that the ideal Q can be chosen to be a monomial ideal. As
a consequence, we give a positive answer to the following question of Ratliff, which
has remained open since 1983 [15, (8.9)].
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Question 1.2 (Ratliff). Given a finite set Γ of positive integers, do there exist a
Noetherian ring S, an ideal Q and a prime ideal P ⊃ Q in S such that P is an
associated prime of Qn if and only if n ∈ Γ?
Inspired by Theorem 4.1, one may expect that for any convergent positive nu-
merical function f , there exists a homogeneous ideal Q such that f is the depth
function of symbolic powers of Q. This is verified recently by the second and the
third authors of this paper [14].
The proof of Conjecture 1.1 is based on our recent works on sums of ideals [5, 7].
The key observation is the additivity of depth functions; that is, the sum of two
depth functions is again a depth function. It can also be seen that any convergent
numerical function which is not the constant zero function can be written as the
sum of a finite number of functions of the following two types:
• Type I: for some fixed d ∈ N, f(n) =
{
0 if n < d
1 if n ≥ d.
• Type II: for some fixed d ∈ N, f(n) =
{
0 if n 6= d
1 if n = d.
Therefore, the proof is completed if we can construct ideals with depth functions of
Types I and II.
Our paper is structured as follows. In Section 2 we prove the additivity of depth
functions. Ideals with depth functions of Types I and II are constructed in Section
3. Section 4 is devoted to consequences of our solution to Conjecture 1.1.
We assume that the reader is familiar with basic properties of associated primes
and depth, which we use without references. For unexplained notions and termi-
nology, we refer the reader to [3, 4].
2. Additivity of depth functions
Throughout this section, let A and B be polynomial rings over a field k with
disjoint sets of variables, and let R = A ⊗k B. Let I ⊆ A and J ⊆ B be nonzero
proper homogeneous ideals. By abuse of notations, we shall also use I and J to
denote their extensions in R.
Lemma 2.1 ([10, Lemma 1.1]). I ∩ J = IJ .
Lemma 2.2 ([10, Lemmas 2.2]). depthR/IJ = depthA/I + depthB/J + 1.
We shall use the above lemmas to prove the following result which yields the
additivity of depth functions.
Proposition 2.3. Let I ⊂ A and J ⊂ B be homogeneous ideals as above. There
exists a homogeneous ideal Q in a polynomial ring S such that for all n > 0,
depthS/Qn = depthA/In + depthB/Jn.
Moreover, if I and J are monomial ideals, then Q can be chosen to be a monomial
ideal.
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Proof. Let x ∈ A and y ∈ B be arbitrary variables. Let R = A⊗k B. Then R is a
polynomial ring in the variables of A and B. By Lemma 2.1 we have IJ = I ∩ J .
The associated primes of I ∩ J are extensions of ideals in one of the rings A,B.
Therefore, x−y does not belong to any associated prime of IJ . From this it follows
that
depthR/(IJ, x− y) = depthR/IJ − 1.
By Lemma 2.2 we have
depthR/IJ = depthA/I + depthB/J + 1.
Therefore,
depthR/(IJ, x− y) = depthA/I + depthB/J.
Obviously, we may replace I, J by In, Jn and obtain
depthR/(InJn, x− y) = depthA/In + depthB/Jn.
Set S = R/(x−y) andQ = (IJ, x−y)/(x−y). Then S is isomorphic to a polynomial
ring over k and
depthS/Qn = depthR/((IJ)n, x− y) = depthA/In + depthB/Jn
for all n > 0. Moreover, Q is a monomial ideal if I, J are monomial ideals. 
To ease on notations, we shall identify a numerical function f(n) with the se-
quence of its values f(1), f(2), ....
If f is the constant function 0,0,0,..., then f is the depth function of the maximal
homogeneous ideal of any polynomial ring over k.
Lemma 2.4. Let f be a convergent numerical function which is not the constant
confunction 0,0,0,.... Then f can be written as a sum of numerical functions of the
following two types:
Type I: 0, ..., 0, 1, 1, ...,
Type II: 0, ..., 0, 1, 0, 0, ....
Proof. Let f be a convergent numerical function of the form c1, ..., cn, c, c, .... Then
f is the sum of the functions 0, ..., 0, ci, 0, 0, ..., i = 1, .., n, and the functions
0, ..., 0, c, c, .... The function 0, ..., 0, ci, 0, 0, ... is ci times the function 0, ..., 0, 1, 0, 0, ...,
where 1 stands only at the i-th place. The function 0, ..., 0, c, c, ... is c times the
function 0, ..., 0, 1, 1, ..., where 1 starts from the (n+ 1)-th place. 
By Proposition 2.3 and Lemma 2.4, to establish the validity of Conjecture 1.1, it
suffices to construct depth functions of types I and II.
3. Construction of ideals with depth functions of Types I and II
Herzog and Hibi [9] already constructed monomial ideals I whose depth functions
can be any non-decreasing convergent numerical function. Therefore, the existence
of depth functions of Type I follows from their result.
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Example 3.1 ([9, Theorem 4.1]). Let A = k[x, y, z]. For any integer d ≥ 2, let
I = (xd+2, xd+1y, xyd+1, yd+2, xdy2z). Then
depthA/In =
{
0 if n ≤ d− 1,
1 if n ≥ d.
We also know that there are monomial ideals J with the depth function 1, ..., 1, 0, 0, ...
[7, 12]. The existence of such depth functions can be used to construct depth func-
tions of Type II as follows.
Let I and J be monomial ideals with the depth functions 0, ..., 0, 1, 1, ... and
1, ..., 1, 0, 0, ..., where the first 1 of the first function and the last 1 of the second
function are on the same place. By the proof of Proposition 2.3, the function
depthR/((IJ)n, x − y) is a function of the form 1, ..., 1, 2, 1, 1, ... for some vari-
ables x, y. If we can find variables x′, y′ such that x′ − y′ is a non-zerodivisor in
R/((IJ)n, x− y) for all n ≥ 1, then
depthR/((IJ)n, x− y, x′ − y′) = depthR/((IJ)n, x− y)− 1
is a function of the form 0, ..., 0, 1, 0, 0, .... Clearly, we can identify S = R/(x−y, x′−
y′) with a polynomial ring and (IJ, x− y, x′ − y′)/(x− y, x′ − y′) with a monomial
ideal in S.
To find such variables x′, y′ we need to know the associated primes of the ideal
((IJ)n, x − y) for all n ≥ 1. For convenience, we denote the set of the associated
primes and the set of the minimal associated primes of an ideal Q by Ass(Q) and
Min(Q), respectively.
Proposition 3.2. Let A and B be polynomial rings over a field k. Let I ⊂ A and
J ⊂ B be nonzero proper homogeneous ideals. Let x ∈ A and y ∈ B be arbitrary
variables. Let R = A⊗k B. Then
Ass(IJ, x− y) =
{(p, x− y)| p ∈ Ass(I)} ∪ {(q, x− y)| q ∈ Ass(J)} ∪
⋃
p∈Ass(I),x∈p
q∈Ass(J),y∈q
Min(p+ q).
Proof. Let P be an arbitrary prime of Ass(I, x− y). Then P = p+(x− y) for some
p ∈ Ass(I). If J ⊆ P , we must have J ⊆ (y) ⊂ P . This implies J = ydJ ′ for some
ideal J ′ ⊂ B, J ′ 6⊆ (y), d ≥ 1. Let f ∈ A be an element such that P = (I, x−y) : f .
It is easy to check that P = (ydI, x − y) : ydf. Hence, P ∈ Ass(ydI, x − y). Since
(IJ, x − y)P = (ydI, x − y)P , this implies P ∈ Ass(IJ, x − y). If J 6⊆ P , we have
(IJ, x− y)P = (I, x− y)P . Hence, P ∈ Ass(IJ, x− y). So we can conclude that
Ass(I, x− y) = {(p, x− y)| p ∈ Ass(I)} ⊆ Ass(IJ, x− y).
Similarly, we also have
Ass(J, x− y) = {(q, x− y)| q ∈ Ass(J)} ⊆ Ass(IJ, x− y).
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It remains to prove that if P is a prime ideal of R, which does not belong to
Ass(I, x−y) nor Ass(J, x−y), then P ∈ Ass(IJ, x−y) if and only if P ∈ Min(p+q)
for some p ∈ Ass(I), x ∈ p, and q ∈ Ass(J), y ∈ q.
Without restriction, we may assume that (IJ, x−y) ⊆ P . Since P 6∈ Ass(I, x−y),
we have depth(R/(I, x − y))P ≥ 1. Since x − y is a non-zerodivisor on I, this
implies depth(R/I)P ≥ 2. Similarly, we also have depth(R/J)P ≥ 2. Note that
P ∈ Ass(IJ, x − y) if and only if depth(R/(IJ, x − y))P = 0. By Lemma 2.1 we
have IJ = I ∩ J . Hence, x − y is a non-zerodivisor in R/IJ . From this it follows
that P ∈ Ass(IJ, x− y) if and only if depth(R/IJ)P = 1. Using the exact sequence
0→ (R/IJ)P → (R/I)P ⊕ (R/J)P → (R/I + J)P → 0
we can deduce that depth(R/IJ)P = 1 if and only if depth(R/I + J)P = 0, which
means P ∈ Ass(I + J). By [5, Theorem 2.5], we have
Ass(I + J) =
⋃
p∈Ass(I)
q∈Ass(J)
Min(p+ q).
Notice that p+ q is not necessarily a prime ideal (see e.g. [5, Example 2.3]).
If P ∈ Min(p+q), then P∩A = p and P∩B = q by [5, Lemma 2.4]. Moreover, P is
a bihomogeneous ideal with respect to the natural bigraded structure of R = A⊗kB.
In this case, x−y ∈ P implies x ∈ P∩A = p and y ∈ P ∩B = q. So we can conclude
that P ∈ Ass(IJ, x − y) if and only if P ∈ Min(p + q) for some p ∈ Ass(I), x ∈ p,
and q ∈ Ass(J), y ∈ q. 
Remark 3.3. Since Theorem 3.2 is of independent interest, one may ask whether
it is true in a more general setting. If I, J are not homogeneous, we can use the
same arguments to prove the following general formula:
Ass(IJ, x− y) ={(p, x− y)| p ∈ Ass(I)} ∪ {(q, x− y)| q ∈ Ass(J)}∪⋃
p∈Ass(I)
q∈Ass(J)
Min(p+ q) ∩ V (x− y),
where V (x − y) denotes the set of prime ideals containing x − y. In this case,
(IJ, x− y) may have an associated prime P ∈ Min(p+ q) for some p ∈ Ass(I) and
q ∈ Ass(J) which do not satisfy the conditions x 6∈ p and y 6∈ q.
Example 3.4. Let A = Q[x, z] and I = (x2 + 1, z). Let B = Q[y, t] and J =
(y2 + 1, t). Then I, J are prime ideals, x 6∈ I and y 6∈ J . We have
MinR(R/I + J) = {(x2 + 1, t, z, x− y), (x2 + 1, t, z, x+ y)}.
Hence
Ass(IJ, x− y) = {(x2 + 1, z, x− y), (y2 + 1, t, x− y), (x2 + 1, z, t, x− y)}.
These primes do not contain x and y.
Using Proposition 3.2 we can give a sufficient condition for the existence of vari-
ables x′, y′ such that x′ − y′ is a non-zerodivisor in R/((IJ)n, x− y) for all n ≥ 1.
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Proposition 3.5. Let I be a proper monomial ideal in A = k[x1, ..., xr], r ≥ 3,
such that x3, ..., xr ∈
√
I. Let J be a proper monomial ideal in B = k[y1, ..., ys],
s ≥ 3, such that y3, ..., ys ∈
√
J . Let R = k[x1, ..., xr, y1, ..., ys]. Assume that
depthA/In > 0 or depthB/Jn > 0 for some n > 0. Then
depthR/((IJ)n, x1 − y1, x2 − y2) = depthA/In + depthB/Jn − 1.
Proof. By the proof of Proposition 2.3 we have
depthR/((IJ)n, x1 − y1) = depthA/In + depthB/Jn ≥ 1.
It remains to show that x2 − y2 is a non-zerodivisor in R/((IJ)n, x1 − y1). Assume
for the contrary that x2−y2 ∈ P for some associated prime P of ((IJ)n, x1−y1). By
Proposition 3.2, P = p + q for some p ∈ Ass(In), x1 ∈ p, and q ∈ Ass(Jn), y1 ∈ q.
Note that p and q are generated by variables in A and B. Since x2− y2 ∈ p+ q, we
must have x2 ∈ p and y2 ∈ q. The assumption x3, ..., xr ∈
√
I and y3, ..., ys ∈
√
J
implies x3, ..., xr ∈ p and y3, ..., ys ∈ q. Hence, x1, ..., xr, y1, ..., ys ∈ P . Therefore,
P = (x1, ..., xr, y1, ..., ys), which contradicts the fact that depthR/((IJ)
n, x1−y1) ≥
1. 
Now we are going to construct monomial ideals having depth function of Type
II.
Example 3.6. Let A = k[x, y, z] and I = (xd+2, xd+1y, xyd+1, yd+2, xdy2z), d ≥ 2.
By Example 3.1 we have
depthA/In =
{
0 if n ≤ d− 1,
1 if n ≥ d.
Let B = k[t, u, v]. Let J be the integral closure of the ideal (t3d+3, tu3d+1v, u3d+2v)3
or J = (td+1, tud−1v, udv). By [7, Example 4.10] and [12, Proposition 1.5] we have
depthB/Jn =
{
1 if n ≤ d,
0 if n ≥ d+ 1.
Let R = k[x, y, z, t, u, v]. By Proposition 3.5, we have
depthR/((IJ)n, y − u, z − v) =
{
0 if n 6= d,
1 if n = d.
If we set S = k[x, t, u, v] and Q = (xd+2, xd+1u, xud+1, ud+2, xdu2v)J , which is ob-
tained from IJ by setting y = u and z = v, then
depthS/Qn = depthR/((IJ)n, y − u, z − v).
Hence, the depth function of Q is of Type II.
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4. Consequences
By Examples 3.1 and 3.6 we have monomial ideals with depth functions of Types
I and II. Therefore, the solution to Conjecture 1.1 immediately follows from Propo-
sition 2.3 and Lemma 2.4.
Theorem 4.1. Let f be any convergent numerical function. There exists a mono-
mial ideal Q in a polynomial ring S such that depthS/Qn = f(n) for all n ≥ 1.
Theorem 4.1 has the following interesting consequence on the associated primes
of powers of ideals, which gives a positive answer to Question 1.2 of Ratliff.
Corollary 4.2. Let Γ be a set of positive integers which is either finite or contains
all sufficiently large integers. Then there exists a monomial ideal Q in a polynomial
ring S such that m ∈ Ass(Qn) if and only if n ∈ Γ, where m is the maximal
homogeneous ideal of S.
Proof. Let f be any convergent numerical function such that f(n) = 0 if and only
if n ∈ Γ. Then there exists a monomial ideal Q in a polynomial ring S such that
depthS/Qn = f(n) for all n ≥ 1. This is the desired ideal because m ∈ Ass(Qn) if
and only if depthS/Qn = 0. 
Corollary 4.2 also gives a negative answer to the following question of Ratliff [15,
(8.4)].
Question 4.3 (Ratliff). Let Q be an arbitrary ideal in Q in a Noetherian ring
S. Let P ⊃ Q be a prime ideal such that P ∈ Ass(Qm) for some m ≥ 1 and
P ∈ Ass(Qn) for all n sufficiently large. Is P ∈ Ass(Qn) for all n ≥ m?
This question was already answered in the negative by Huckaba [11, Example
1.1]. However, the ideal Q in his example is not a monomial ideal as in the proof
of Corollary 4.2.
One may also ask about the possible function of the projective dimension of
powers of a homogeneous ideal. Let Q be an arbitrary homogeneous ideal in a
polynomial ring S. By the Auslander-Buchsbaum formula we have
pdQn = dimS − depthS/Qn − 1.
Since depthS/Qn is a convergent numerical function [2], pdQn is also a convergent
numerical function.
Corollary 4.4. Let g be an arbitrary convergent numerical function. There exist a
homogeneous ideal Q and a number c such that pdQn = g(n) + c for all n ≥ 1.
Proof. Let m = maxn≥1 g(n). Then f(n) = m − g(n), n ≥ 1, is a convergent
numerical function. By Theorem 4.1, there exists a homogeneous ideal Q in a
polynomial ring S such that depthS/Qn = f(n) for all n ≥ 1. Let d be the number
of variables of S. Set c = d−m− 1. Then
pdQn = d− f(n)− 1 = d−m+ g(n)− 1 = g(n) + c
for all n ≥ 1. 
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It is of interest to know the smallest possible number c for a given function g in
Corollary 4.4. This number is determined by the smallest number of variables of a
polynomial ring which contains a homogeneous ideal with a given depth function
f . We are not able to compute this number. The proof of Theorem 4.1 uses a high
number of variables compared to the values of f .
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